38. 


TABLES OF THE GENERATING FUNCTIONS AND GROUND- 
FORMS FOR THE BINARY QUANTICS OF THE FIRST 
TEN ORDERS. 


[American Journal of Mathematics, II. (1879), pp. 223—251.] 


In what follows, “G. F.” stands for the words Generating Function. In 
the Generating Functions, the exponents of the letter o refer to degree in the 
coefficients, and the exponents of the letter æ to order in the variables. The 
Generating Functions for differentiants take account only of degree in the 
coefficients, without regard to the order in the variables of the covariant of 
which the differentiant is the “source.” In the tabulated numerators of the 
Generating Functions, the minus sign is placed over instead of to the left of 
the number which it affects. 


QUADRIC. 
, í 1 
G. F. for differentiants, 5 
1 


G. F. for covarvants, (1 — a) (1 — az) 


Groundforms: 1 of deg. 1, ord. 2; 1 of deg. 2, ord. 0. 


CUBIC. 
: : loco 
G. F. for differentiants, (l3 3 — ey — a 
E 1 — q + ax? 
G. F. for covariants, reduced form, xs A vg mept. x 


1+ aa 
(1 — a4) (1 — aas) (1 — aa?) ` 
Groundforms : 1 of deg. 1, ord. 3; 1 of deg. 2, ord. 2; 1 of deg. 3, ord. 3; 
1 of deg. 4, ord. 0. 


G. F. for covariants, representative form, 


QUARTIC. 
Ire 
G. F. for differentiants, T UNC) 
1 — aa? + d 
G. F. for covariants, reduced form, (1 — æ) 0 — d) (1 — a2) (1 — aa)’ 
1+ aa 


G. F. for covariants, representative form, 


(1 = a) (1 — a*) (1 — aat) (1 — aat)” 
Groundforms: 1 of deg. I, ord. 4; 1 of deg. 2, ord. O; 1 of deg. 2, ord. 4; 
l of deg. 3, ord. 0; 1 of deg. 3, ord. 6. 
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QUINTIC. 
G. F. for differentiants, 
1+ a? 4- 3a? 3a‘ + ba^ + Aas + 607 + Ga’ + 4a? + 5a” + 8a" + 3a? + à? + a? 
(=a) T EIE EG ; 
G. F. for covariants, reduced form, 
Denominator: (1 — % (1 — d) (1 — a’) (1 — ax) (1 — aas) (1 — ad). 
Numerator: 1 +a (— a — 2?) 4- a? (a? + a+ a) — aa? + atat + a^ (x L à? — a?) 
+a (— 1 — at) L à? (22 + à? + a?) + a8 (— à? — a — 2%) 
+a? (a? + a7) + a (a? — at — as) — a? + RL AE (— = a) 
+a“ (at + a) — aa. 
G. F. for covariants, representative form, 
Denominator: (1 — a*) (1 — a’) (1 — d (1 — a?a?) (1 — aà?a*) (1 — aas). 
Numerator: 1 4 a (a? + ＋ 2?) + at (at + a?) Ha (w + à? +27 — a") 
+ a* (a? + at) + a? (a 4- — a?) + a8 (a? + a*) + a? (à? + à? — a7) 
+ a? (a? + at — 2?) + a? (a + a? — L a? (a? — ad — a) 
+ a? - a? — a?) + a (at — a? — a?) + a^ (— a? — a?) 
+ OS (a? — a* — a) + a" (— a? — L a” (1 — ot — a? — a) 
+ a? (— a5 — a?) + a? (— a? — af aa, 


Table of Groundforms. 


ORDER IN THE VARIABLES. 


E 
z 
2 
mM 
8 
— 
K 
2 
9 
8 
o 
D 
is 
e 
Z 
— 
N 
N 
S 
A 
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SEXTIC. 
1 + a? + 3a? + 4% + 405 + hañ + 3a? + a5 + a? 
EET ETE TE 
G. V. for covariants, reduced“ form, 
Denominator : (1 — a”)? (1 — a?) (1 — a4) (1 — aè) (1 — aa?) (1 — aat) (1 — aa), 
Numerator: 1+ a(—@?— a*)4- a? (— 1 +a + a + 43) d 1 ＋ 2% at a”) 
+ a (a? — a — a?) + a* (- a — aè + a) + de (1 — a? — a* 4- 49) 
+a’ (1 - — a) + a$ (— a? at + s) + d (— 1 + a5 + 2% — a) 
+ a (a? + at + a5 — 219) L a? (— x9 — a?) +a? a, 
G. F. jor covariants, representative form, 
Denominator : (1 — a?) (1 d (1 d) (1 — d, — a?2*) (1 — aa) (1 — aas). 
Numerator: 1 + % + a + a + as) ＋ a^ (at + a + a) + a^ (a? + at + a8 — ans) 
+ a* (at + 2a) + a (a? + a* + ad — ET (a? + a* + a5 — as) 
+ a? (a4 + 4 10 — ar) Tu a! (a? + at — 2 — a) + a? ( 
+ a d a ‘ok 41?) +a? (a9 — a en qM ZE a) + as (at aall * ba n — qM) 
+ a (— 9419 — 2) de a»(1 — 4s — gn — 2") ch RL of gy — qi?) 
+ a” (— at — ad — e — a) — E 


Table of Groundforms. 


G. F. for differentiants, 


ORDER IN THE VARIABLES. 


2 
- 
z 
2 
»- 
o 
La] 
fa 
2 
E 
o 
o 
N 
2 
— 
z 
P 
2 
ha 
e 
8 
S 
a 


* This is not strictly the minimum form, its numerator and denominator being divisible by 
1-24; it is, however, the lowest form to which the fraction can be reduced when the factors of 
the denominator are all of the forms 1— a^, I- ae. The same remark applies to the “reduced 
form ” in the case of the deeimie. 
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SEPTIMIC. 


G. F. for differentiants, 
Denominator: (1 — a) (1 — a?) (1 % (1 — de) (1 — a5) (1 — a?) (1 — as). 
Numerator: 1 + 2a? + 6a? + 10a* + 19a* + 98a + 44a? + 6105 + 79a? 
+ 102 + 129a? + 156% + 173a? + 196a" + 215% 
+ 230q/5 + 2310 + 231a/5 + 230a” + 215a? + 196a?! 
4 173a? + 156a? + 1290 + 102a? + 79a?* 6147 + 44 
+ 28a? + 19a% + 10a? + 6a? + 2a? + a”, 
G. F. for covariants, reduced form, 
Denominator : (1 — % (1 de) (1 — a’) (1 — d) (1 — a?) (1 — d) (1 — aa?) 
(1 — aa) (1 — aa”). 


Numerator : 


aq? EA x? aq? a aq * * a? x TY gil a? a" yi 


& 
o 


. 


Q 
to 


S 
d 


& 
* 


— 
- 


S, A & 
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Numerator—(Continued.) 


x EA x a? * x a a a? a? Ka EA Fa Ts qu 


gS S. Q 
8 sore 


S 


„ Ee, Em. en 
SS 8 


Eu 
KO 


Owing to the non-existence of an irreducible invariant whose degree is 10, 
or any multiple of 10, no representative generating function with a finite 
numerator can be obtained for the septimic ; the factor 1—a in the denomi- 
nator has to be got rid of by dividing numerator and denominator by it, or, 
in other words, by striking it out of the denominator and multiplying the 
numerator by the infinite series 1 +a” +a”? +.... We thus obtain: 


G. F. for covariants, representative form, (with infinite numerator), 


Denominator : (1—a*)(1—a*)(1—a”)? (1—a?2?)(1 — a?2*) (1 — a?2??) (1 — aa”). 
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Numerator: (Given to the terms containing the 45th power of a, inclu- 
. sive; after which, each column can be continued by re- 
peating the last five coefficients occurring in it, ad inf.) 


a ct ot gt at p a d gt a gh gilt gig gt gi git QU qub quo a aa” ad 
| 
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Numerator—(Continued.) 


* x 


* TY qu qf qz? qu * * TV qu qz? ach Fa x? x? 


WA E pis limi Res DL [Mo [T 
de| j|s | RT fia] Il mi ul 

E tee WA eet Om Del Ca 

By ae EI TANS N EU EC 
ee eet e del aset La 

ml äi as) fie} [| mum fis] 
FT 

HE ARE OE AE RE Ed 
EL ae Ca CA L de 

Heb [Amp DM pes DA AK. INEEN 
ECE 
eee T RTT TR). 

D el ed te T P AN EC TS a l: es 
FFC 
eee 
FCC 
neee ae) 9 

DC de COUR et ap ECO RR NR 

17 35 m 18 | 9| 18 17 0 

etc. etc. etc. 
CES TH. 19 


www.rcin.org.pl 


290 Tables of the Generating Functions and Groundforms [38 


Table of Groundforms. 


ORDER IN THE VARIABLES. 


Det $ Wd ak wb. 0 7o DA OGE N. 


4| 1 2 1 2 1 1 
b 1 2 2 2 2 
6 8 2 2 2 
2 7 8 2 4 2 
< ß (HEN VE, P [E EN EEE E KE ˙Ü2ç]˖3o EE TE RAAD EN 
5 8 3 3 8 8 
z PIE s Ren Rn SY, KT CEA LL alU 
Es 3 5 2 
O HL ai [E NE A. Een ER, ̃ ˙ 0—⅜̃ HET WT NIS AN 
m 10 4 8 
"ü 
E —— | — 1 — | r ra i sms — | mnn m | m mm | wm sn | — — — — | r — 
z 11 5 8 
2 — zm | — l — | — — —— — — | — — | —— — — — —— — — | — — 
2 12 6 6 | 
— S ed MEE WA 
E a d pe S Bins yd ub id ees Pe: Pe us ray KN 
A 13 7 | 


GK BR EE NM 


— — | — — — 


OcTAVIC. 


G. F. for differentiants, 
Denominator: (1 — a) (1 % (1 — 4% (1 — % (1 — a) (1 — a). 
Numerator: 1 + 2a? + 6a? + 12a* + 19a? + 25a! + 31a? + 36a* + 38a? + 36a” 
+ 3la" + 25a" + 19a" + 12a" + 6a” 2% + a”. 
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G. F. for covariants, reduced form, 


291 


Denominator: (1 — a?) (1 — à?) (1 — 4% (1 — à?) (1 — a’) (1 — a?) 


(1 — aa?) (1 — aat) (1 — aas) (1 — aas). 


Numerator: 


VA 8 4-6 8 8 e $8 


— 
- 


A 45.85 285886. 45.5 HE 


— — —— —— — — | ER | EE 


— — — — — — — —— — — 


—— 2 A—ͤ—— — | — | — — | — — 


2 
1 2 
1 1 
Dell 


—— | rrr l | — | | EA 


— l vr l a | mm | mnn l nmn | M l nn —6àBü—— — 


— | —— | — ET — | —ÁÁ— —2—— — ——— 


—— — — — M | rre — — — — 


—— — | — — — —— — M 
— — 


— — — M | | MM | om 


—ͤ—ñ—ñ—ᷣ— m | —— .in —— MM — | — M — 


— — aa — — ——— — — — | mmm 


— — . — Ia — — MM —ü—ñz 


f— u!.⅛ — — [ O. OũV— — — —— | —— — 
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4s + 
Y LE 
1 

1 
1 
1 
Ii 

1 
SEA 
WARS 
Ooh Va die? 

8-3 
"Nee 
rg 
Pip 
2 
1 
1 
Turc 

19—2 
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G. F. for covariants, representative form, 


Denominator: (1 — a*)(1 —a*)(1 — 4% (1 — a?) (1 — a) (1 — a7) (1 — aas) 
(1 — de) (1 — a?a??) (1 — aa), 


Numerator : 


a? aq? x * * Fa EA qu »" EA q” p? qu vs x8 4 


wo to — o 


— 
CQ 


A Ac hoe ow 
S S S o S 


S XA 
5 
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Table of Groundforms. 


ORDER IN THE VARIABLES. 
9:28 Cu 61-8). 18 12* 347118 


Z 
m 
M 
o 
Lal 
fa 
fa 
Z] 
o 
o 
m 
D 
E 
zu 
bed 
Ei 
bd 
8 
G 
E) 
a 


NONIC. 


G. F. for differentiants, i 
Denominator: (1 — a) (1 — œ?) (1 % (1 — a9) (1 — as) (1 — a?) (1 — a?) 
(1 — a) (1 — as). 
Numerator: 1 + 3a? + 10a? + 23a* + 49a* + 93a° + 172a? + 289a? + 457a? 
+ 70100 + 1036a? + 1477a® 20230 + 2720a™ + 35684” 
+ 45730 + 5702 f 7013087 84660, / 10043a” + 116720 
+ 134000 + 151550 + 168804% + 184875 + 20013026 
+ 213920 4. 225390 + 233984 + 240130˙ + 2435551 
+ 24355052 + 240130 + 233980“ + 22539a* + 21392a?* 
+ 200130 + 184870 + 168800 + 15155a* + 13400a* 
+ 1167 + 10043a* + 8466a* + 7013a%+5702a%+ 4573a* 
+ 8568a% + 220a? + 20230 + 1477a% + 1036a” + 701a® 
+ 457a™ + 289a” + 172a/5 + 930 + 49a + 23a” + 10a” 
+ 30 + a®. 
G. F. for covariants, reduced form, 
Denominator: (1 — % (1 — a*) (1 — % (1 — a”) (1 — a?) (1 — % (1 — as) 
(1— aa) (1 — aas) (1 — aa’) (1 da (1 — aa). 
Numerator : 
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TY EA Fa E Wa * qê a 2? x? FA EA az" FA zi EA re 417 FA qz? q2 * ge ee 


S. 
bai 


S. S. & 8 YA 
b3 N. n A A" 


S 
8 


E 
S 


a 
8 


S. 8 
Jd 


* 


a 
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TY * * Ts x aq? Te x a? * EA gi qz qs qu ai? ais EA as Te 279 qu a * 
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o 
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G. F. for covariants, representative form, 


Denominator : (1 — a‘) (1 


— a’) (1 — a") (1 — a? (1 U 


(I- aw) (1 — a? a) (1 — da). 


Numerator: 


x q! a? a? x * x 


x x * EA gil 4" zr ait ge 416 Eau m5 xz 


Be EE EENDE 
xc uic sik B C OS: 
NONAS ORI 
Fa m ur 
E H as 
PL A S 
E IE RAE IE. 
s IR e | 
10 e 
CCT 
FF 
12 
E, 35 50 60 
a” 39 57 75 
an 20 64 86 90 
a^ 67 94 121 
as 47 103 135 143 
a" 108 142 181 
a’ 61 159 195 191 
a" 157 201 257 
a” 97 211 2700 | 260 
a^ 215 278 339 
a” | 120 281 348 308 
Ce 284 348 418 


T 
CCC 
JJ. 
FF 
CCC 
e 
Nen Pus NE Pu BC o 
a Lä | 2 |n | 4 (M | 
EE NE NN Le ge ET E EN 
WIE MEE pone ̃ ·ͤ E E le ebe 
.9 5 ej 199 j| || La | Ia La La 
Le o» jm) E | 9| 29 | nj Lag | Tel | 79 
a Im (e — [16 mm Led | sy e La om 
. [19 mg (mei mg (md La Ia. |189 12% | 
a fase} [195 e Lal Le | aal Lg [1 (mm | 
as (aa Lan md (gd (a [1j | aaa] Lei Le 
-on 130 10 LC 22 2 10 2 Lei 20% 
as Lamm Lag Lal (e Lag La 25 25% 88 
F 
269 159 215 327 502 402 440 | 
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ah qu * Ts qu ** ys * g2 * ; Fa a x x a * * * vs aq?» 


a? 

——— o 
Week? p: vader 1-43 Ed MT et T ai 
a tee gie éi eg dii let e cad EN SAI ISE ZA AAS a 
n DEE sues T. cie lush iere AE H et d 
FFC a 
V a 
ET d 
, a 
Ed eh Ee Pe Ga HOT aieo edi oen oi i N GA at 
JC a" 
E LE DES EAR TR AR HE UR GES NE a 
c ei 
— p= ad aq? 
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x m a? * * * * ai * a? qv gil a a ai? EA ml g! Fa a 


É d RR LE RA AA Go See B ES TA AA 5 
EE OLOR bk 3$ f 6 WR ee Ge “3 E Ss 4 Ss, 


ES 


— 
e 


SEER Er 
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38] 


4 g” * g qa * * a * * x g?! a *. * * 


321 


243 


for the Binary Quantics of the First Ten Orders 


224 


258 


309 


333 175 


359 


253 


203 


7 422 


452 


468 219 


427 


465 


333 


242 


299 


* * x? 


107 599 


588 256 


886 


— — — — — — — — — — | ͤ ͤü—— | ———|—— | —— | —— | ——— 


728 278 


446 


121 


940 


825 272 


306 


1122 


— — — — l rr — | — | | | rr | | | | EE — — 


128 


—|—— l — | me —— l | | | — | — — — — — — — — — 


1187 


—— a) | —| — CN, OT, ——| — | ——— — 


649 


844 


250 


423 


593 


619 1203 
1240 
788 1835 
1376 
915 1406 
1432 
991 1401 
1420 
998 1327 
1326 


959) |1186 


956 


1062 


1076 


1183 


1143 


1104 


1144 


109 


1088 1007 


988 
978 


840 


1049 


1144 


456 
891 240 
446 
905 184 
398 
877 101 
322 
792 6 
224 
669 


859 120 


530 


139 


222 


— — — — — — — EE l | —¾— 


311 


399 


42 


474 


534 


568 


| 
5 


& 


— M | | — | —— — | | LL ——. ee eee | ——— | — | ——— — | — | — — — 


671 


795 


1181 


821 


694 22 


211 


570 


E 


R— ——— re D mamá — GT — Em n o — — — — 


794 


839 996 


669 


874 


| 
& 


529 


622 


708 


519 


254 


544 


2 


478 


—ñ—  — — — — 3 — l r || —— — — l — — — — — — 


692 


716 


800 


247 


S 
Zei 


484 


651 


569 


| 593 


777 


555 586 


338 


356 


122 


s 


www.rcin.org.pl 


275 


490 


417 


& Q 


c 
— 


419 


E: 


S, 
© 


& 


S, 


& 
Ed 


E & 8 
ie Rae Een Ze Fan Sen E Rr 


B S. 
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a? T x ** x a? qê x x a? ai EA g? xz zt gh KA g! gq! qz? 
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x qu ge ** yA q2 xs ga 


g AH x? q?! x x ya xz” Te Fa Ts ** 


asoj Lag |662) — (sm — (2| Te ed og Lan |284 
(s Lang Lamm Lag La | 202] Lal (Lean Lal To 
838] (ai Lal | 200) wel (en La Lol "od am ` 
se Lë a Im La 296] La Led an La 
22) La 29 (104 am 9 am Lo La Le 

wee el wel 19 [ sp Lal au oe Lu Ta 
el Jm um Lada lm md ei Lu vos 

Lom] La pe 13 | spo (mg (mm LU (Up | 2 
m | 9 | e| |n La eel Im Le | Le 

La s s | og La a Tam | m Ca | o 
E p, (ow Cd a am Im [e (m 
La e | p em Lg a Ia [aou 
13 14 4 H 20 40 43 41 32 21 

S EE EC EE mo 
xp ai GE EE GER La La "al: 
ECC 
ff! E, ECH Mn AE 
„2 E MA e H E DB EC 
Dn pec A ot el ks | T 

EE E WE NA Ur gr ut E si 
F pa 
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% 


Q 
8 


% 


E 


* 


Q 
a 


% 


"b 


S, 
e 


& 
2 


% 


S S S 


*h 


&, 
EO 


& 
B 


S, S. S, 
ra e e 


&, 
to 


8 
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Table of Groundforms. 


ORDER IN THE VARIABLES. 


0 1 2 KAB ATR HA ‚ MIA 1E 16 dT TE AE AA 


1 
P tat e er eg wd ag eg eer N Gr kupwa gu e 
JAERI RI CR FFI 
1 2 REEDE Re eg ped m c o Nan on 

2 slae lae —4— . || —— || sl ll] — — sd — 

E 5 1 8 

It VEE J E eS ——— —— | | | — — — 

8 6 4 4 

= —— —— — — — —— — — | — sam | lnd f eee land —1— lend || — — 

Ki 4 7 

o — —ñ—m—— | — 2 —— | = | L || — — anand || — — 

ad 6 8 10 

2 — —— — SJ J SS — — — —1— l — kd — — l a — l 

S 9 9 14 

E. 10 5 15 14 

ma — | — | emm | —À — | | —À 

e 

td 

„ „% T ME 
18 25 
14 |17 9 var 
15 26 | ip A € AN 
16 |21 aa 
17 5 
18 |95 


DECIMIC. 


G. F. for differentiants, 

Denominator: (1 — a) (1 — af (1 d (1 4% (1 — a’) (1 d) (1 — a’) 
(1 — a5) (1 — a?). 

Numerator: 1 + 3a? 4- 11a? + 27a* + 58a5 + 112a* + 193a + 318a? + 4850? 
+ 699a + 951a? + 194505 + 1541a? + 1842a* + 21084" 
+ 23214 + 24510 + 250008 + 2451a?? + 2321a? + 2108a? 
+ 184207 + 1541a? + 1945a% + 9510 + 699075 4850 
+ 318a? + 193a? + 1120? + 58a? + 27a + 11a? + 3a” 
+a”. 
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G. F. for covariants, reduced* form, 
Denominator: (1 — a?) (1 d) (1 — a*) (1 5% (1 — a°) (1 — 47) (1 — aè) 
(1 — a*) (1 — aa?) (1 — azt) (1 — azi) (1 — aas) (1 — aa). 


Numerator : 


LC. mW nux 8 


— 
~ 


rm 
e 


— 
- 


— 
oo 


19 


ew VERE WE 
e 


* Numerator and denominator divisible by 1 - a; see foot-note to reduced form for sextic. 
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Numerator—( Continued.) 


2 
8 
(Helle 


el ur EN 


S 8 
D 


S 
3 


S 


PU 


el|- T[eot |ort |rot fait lait |e | 


S S & 


2 


S. 8 


2 
E 


2 
8 


& 
S 


S 
e 


e 
oo 


ceo 
e 


S S SQ 
S 


G. F. for covariants, representative form, 


Denominator : (1 — a?) (1 — a4) (1 % (1 — a5) (1 — a?) (1 — a”) (1 — as) 
(1 — a?2*) (1 — aa) (1 — aa) (1 — aa") (1 — aa"). 
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Numerator : 


* * x x a? qu FA EA qi qi x q? q” ge Fa 170 q? qu g% a yi ge g La * 


119 100 


"La o0 120 147] 240 100) 22) 40 110 165) 172) 157| 120 
" Lm 148 ml md f| sl 158) 218) 227) 195 160 
" Lamm 168 191) 179) 105) i0 116) 201| 272) 274) 292, 169 
a” 44 182 189, 204 192] 101, ad 154, 254, 330, 330) 267| 190 


——|——| —|——|——— | — | — | — — — 


| | | — EL ——— | | —— | mwꝛF— | | — 


——|—— l J äqÜꝛůĩ— — — —i 1x l l | — — | — | | l | l — — — 
— — ͤ ö— —i0 — — — l — — — — — — — — | | — — — 
—— mm | rK— — — — — — — — . — — — — — | — — — 


— —— . —— — DT, fe | —— | ee fe | | | — 
iii 


— || me | ——— | me DE, me ͤ UU— — — — — | | | — — — — — 
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Numerator—(Continued.) 
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Table of Groundforms. 


ORDER IN THE VARIABLES. 


BS L A8 8 18. 2020. 24. 06 
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The total number of irreducible invariants and covariants for the first 
10 orders (counting in the absolute constant and the quantic itseif), it 
appears from what precedes, is as follows : 
Order of Quantic: Or bide r B D VITIS or, EU. 
Number of Groundforms: 1, 2, 3, 5, 6, 24, 27, 125, 70, 416, 476. 
For the benefit of those new to the subject, it may be well to recall the 
immediate algebraical meaning of either form of the generating function to 
a binary quantic (a, y)". 
Suppose n an odd number, say 5, then if 
verke ie. il eet AA aa denge) 
(1 — aa) (1 — av) (1 — av) (1 — az) (1 — aas) (1 — aa) 
20—2 
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is expanded in a bivergent series, (that is, one going, as regards the powers of 
æ, in two directions towards infinity), either generating function of the tables 
for the quintic is the sum of the terms which contain no negative powers of 
æ. So ifn be an even number, say 6, 
12 
(1 — aas) (1 — aa) (1 — aa) (1 — a) (1 — aa?) (1 — azt) (1 — azi) 

being similarly expanded, either generating function of the tables for the 
sextic is, as before, the sum of the terms which contain only positive or zero 
powers of æ. And so in general, for (, y)", the numerator of the so-called 
crude generating function, being always 1— 4^? and its denominator a 
product of factors of the form 1 — a4"— (where 1 takes all values from 
nought up to » inclusive). Either generating function of the tables for the 
nie is the algebraic equivalent of the positive branch of the corresponding 
bivergent series, (that in which only positive powers of æ appear), plus the 
neutral branch or term, namely, that which contains neither positive nor 
negative powers of æ, or, which is the same thing, is a function only of a. 


I subjoin a few reflexions which appear to me to be desirable on the 
foregoing tables. 


It is scarcely necessary to state, that, in the development of the gener- 
ating function, whether reduced or representative, the coefficient of aat is 
the total number of linearly independent covariants of the degree m in the 
coefficients and the order u in the variables. 


Mr Franklin will probably, in a future number of the Journal, draw up 
a statement of the mode in which the tables have been caleulated and the 
precautions taken to insure accuracy *; as regards the reduced form, three 
methods have been employed in calculating it, namely, Mr Sylvester's first 
method, Professor Cayley's method, fully explained in a preceding number of 
the Journal by its eminent author, and Mr Sylvester's second method, much 
briefer than his other, but, in general, not so brief as Professor Cayley's, 
which last, however, involves a delicate point in the expansion of series, the 
assumed principle of which, although its validity on moral grounds of evidence 
is unquestionable, cannot be regarded as a prior? self-evident +. 


The theory of the generating function, alike for single and simultaneous 
forms, depends on the law for determining the number of linearly indepen- 


* [n especial I wish to single out an ingenious device of Mr Franklin to check the operation 
of tamisage by introducing a common superfluous factor into the numerator and denominator of 
the representative generating function so selected as that the augmented denominator shall not 
cease to be representative; the effect of this will be to cause the groundforms obtained by 
tamisage of the augmented numerator to be the same as before, except that the groundform 
represented by the additional factor will not be found among them. 

t In Prof. Cayley's method the crude generating function is regarded as a function of a; in 
my two methods as a function of z. 
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dent in- and co-variants of given order and degree or degrees belonging to a 
given quantic or system of quantics, a proof of which will be found at the 
end of a memoir by Mr Sylvester in Borchardt's Journal”, and also in the 
London and Edinburgh Philosophical Magazinet, that leaves nothing to be 
desired as regards rigour of demonstration. The law itself for the case of a 
single quantic was first stated by Professor Cayley whilst the theory was still 
in its infancy. 

But besides this fundamental theorem, in order to deduce the tables of 
groundforms, a fundamental postulate still awaiting demonstration is neces- 
sary, which is, that no more linear relations between in- or co-variants are to 
be supposed to exist than are necessary in order to satisfy the fundamental 
theorem. The application of this principle in such a mode as to substitute a 
finite for an infinite process, leads to the use of representative generating 
functions and the simplified method of tam?sage. The validity of the funda- 
mental-postulate which is in accord with the law of parcimony is verified by 
its conducting to results which have been proved to be accurate for single 
binary quantics up to the sixth order inclusive, for pairs of binary quantics 
up to the fourth order inclusive, and also for systems of an indefinite number 
of linear and quadratic binary forms ` 


The application of this principle discloses the remarkable singularity that 
for the quantic of the seventh order, there exists no finite representative 
generating function as shown in what follows. 


The invariantive part of the numerator of the reduced form for the 
seventhic is 

1 — a* + 2a? d + 5a” + 2a + 69/5 + 29/5 + 5a” — a”? + 2a” — a” +a”, 
and the invariantive part of the denominator is (I- d (1—a*)(1—a*) (1 — at). 
Multiplying numerator and denominator by (1+ a?), their invariantive por- 
tions§ become, respectively, 


1 + 2a? — a + 4a” + 4a" + 50 + 7a -- Ta? + 5a? + 4a” + 4a?* — a” + 2a” +a”, 
and (1 — a*) (1 — a’) (1 — à?) (1 — ar). 


[* p. 232 above.] [t p. 117 above.] 

t If the fundamental postulate were called into question, this (it may be proved) would not 
affect the faet of the existence of the groundforms obtained by its aid, but only the possibility 
of the existence of other groundforms over and above those so obtained. Thus my tables of 
groundforms could only err (were that possible, which I do not believe it to be) in defect; and as 
those found by the German method can only err in excess, it follows that, whenever the tables 
coincide, both must be correct. The tables of groundforms here given, up to the sixth order, 
inclusive, and all those that follow, coincide exactly with those obtained by Clebsch, Gordan and 
Gundelfinger, when these latter are rectified by the omission of certain supposed groundforms 
which, in the Comptes Rendus, I have conclusively proved to be composite. 

§ The factors in the denominator which involve z never offer any difficulty, as they represent 
the given quantic along with the complete system of covariants of the second degree, the several 
orders of which follow a well known rule. 
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The factors of the denominator are now, with the exception of 1—a”, 
representative factors; 1— a? is not such, as a” occurs in the numerator with 
the coefficient — 1. If we multiply numerator and denominator by 1 +a”, 
the factor 1 — a” will take the place of 1 — a' in the denominator, and the 
numerator will become 


1 + 205 + 4a? + 4a + 501 + 995 + 6a? 4- .... 


Here the coefficient of a” is not negative, but it is less than the number (8) 
obtained by composition from the terms 2a* and 4a”; hence, by the funda- 
mental postulate there is no irreducible invariant of the degree 20. If, 
instead of multiplying numerator and denominator by 1 ＋T d, we multiply 
them by the infinite series 1 +a” + a” + ..., the denominator becomes repre- 
sentative and the invariantive part of the numerator becomes the recurrent 
series given in the table (p. [288]), in which the coefficient of a”, ot and, in 
general, all powers of a whose exponents are multiples of and greater than 
20, is 9; but 9 is less than the number obtained in the composition of a? a 
(and a fortiori of a”, a®, ...) out of the preceding terms; therefore, by the 
fundamental postulate, there is no irreducible invariant whose degree is any 
multiple of 10. It is à remarkable and significant fact that in this case the 
erroneous assumption of 1— a? being a representative factor in the denominator 
of the complete generating function will be found to lead to no subsequent 
further error in the determination of the other groundforms of the seventhic. 


A chorographical law obtains in the numerical tables of the numerators 
of the representative forms, which plays a considerable part in the complete 
theory of tamisage, and is too important to be passed over without notice, 
namely, it will be seen that all these tables consist of a small number of 
irregular but continuous bands or blocks of alternately positive and negative 
coefficients which can be drawn asunder without tearing or leaving any hole 
in the paper*. For the first four orders there is but one such block, for the 


* In the operation of tamisage on the numerator of the representative groundforms the terms 
of the negative blocks are disregarded. In every case treated in these tables, and those to 
follow in the next number of the Journal, the only surviving terms will be found to be comprised 
in the first block. Had it turned out otherwise it would have been necessary to ascertain 
whether the surviving terms belonging to the other odd-numbered blocks would survive the 
operation of tamisage performed on the infinite aggregate of terms obtained by the development 
of the generating function; if not, they would have to be rejected. This is what I have found 
actually happens in a system of quadratic or linear forms when a sufficient number of such 
forms is employed. In that case, terms not confined to the first block emerge from the tamisage 
of the numerator of the representative groundforms, but disappear when the tamisage is per- 
formed on the infinite aggregate of terms of which the groundform is the sum, Such aggregate, 
it may be noticed, (I have proved elsewhere), consists exclusively of positive terms, the coeffi- 
cients corresponding to non-existing types being always zero and never negative. It is very 
likely to be found true hereafter that in no case need any, except the first block of terms in the 
numerator of the representative groundforms, be submitted to tamisage in order to obtain the 
groundforms not represented in the denominator, and so in like manner that, in order to obtain 
the ground-syzygies of the first kind, that is, those that concern the groundforms, only the first 
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quintic and the sextic two, for the seventhic five, for the octavic three, and 
for the gie and 10% four. A similar law obtains for systems of quantics, as 
for instance in the case of two simultaneous quantics, the corresponding 
tables consist of detachable solid blocks, alternately positive and negative, 
and small in number in comparison with the number of terms which thoy 
contain, as will be seen in the tables to appear in the next number of the 
Journal which will contain a complete set of them for all the systems that 
can be formed of two binary quantics of orders, m, n where neither m nor n 
exceeds 4. 


It is my duty to state that the expense of calculating the tables for 
quanties of the 7th, 8th, 9th and 10th orders, has been defrayed out of a 
grant made by the British Association for the Advancement of Science, and 
I have pleasure in returning my thanks to that distinguished body for this 
act of aid in enabling me to bring to a successful issue an undertaking of 
such unusual magnitude and of such pith and moment to the progress of 
Algebraical Theory. 


positive and the first negative block need be considered, and so on for syzygies of the higher 
orders, each time a new block being taken into account until all are exhausted, it being quite 
conceivable that the number of blocks may designate the highest order of syzygy that occurs in 
any case, subject in the case of a linear or quadratic form (for which the block reduces to a 
single term, namely, unity) to the obvious exception that, for them, the syzygies become 
abortive. 

To explain what is meant by syzygies of successive orders, suppose Z to be a rational and 
integral function of groundforms which, regarded as a function of the coefficients, is identically 
zero, then Z —0 is a syzygy and Z may be termed a syzygant of the first order and, if incapable 
of being resolved into a sum of products of syzygants multiplied respectively by rational algebraic 
functions of the groundforms, will be an irreducible or ground-syzygy of the first order. In like 
manner, if Z’ is a function of ground-syzygants which, regarded as a function of the ground- 
forms, vanishes identically Z = O is a syzygy and Z is a counter-syzygant or a syzygant of the 
second order, and, if incapable of representation as a sum of products of other syzygants of the 
second order multiplied respectively by rational integral functions of syzygants of the first order, 
is a ground-syzygant of the second order; and so on indefinitely. 
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